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Improved short-range orrelations and 0νββ nulear matrix elements of 76Ge and 82Se
Markus Kortelainen and Jouni Suhonen
Department of Physis, University of Jyväskylä, P.O. Box 35, FIN-40351 Jyväskylä, Finland
We alulate the nulear matrix elements of the neutrinoless double beta (0νββ) deays of 76Ge
and
82
Se for the light-neutrino exhange mehanism. The nulear wave funtions are obtained by
using realisti two-body fores within the proton-neutron quasipartile random-phase approximation
(pnQRPA). We inlude the eets that ome from the nite size of a nuleon, from the higher-order
terms of nuleoni weak urrents, and from the nuleon-nuleon short-range orrelations. Most
importantly, we improve on the presently available alulations by replaing the rudimentary Jastrow
short-range orrelations by the more advaned unitary orrelation operator method (UCOM). The
UCOM orreted matrix elements turn out to be notably larger in magnitude than the Jastrow
orreted ones. This has drasti onsequenes for the detetability of 0νββ deay in the present and
future double beta experiments.
PACS numbers: 21.60.Cs, 23.40.H, 27.50.+e
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The nulear matrix elements of neutrinoless double
beta (0νββ) deay have beome an important issue in the
present-day neutrino physis (see, e.g., [1, 2, 3, 4℄). This
has been boosted by the veriation of the existene of
neutrino mass by the osillation experiments [5℄ and the
laimed disovery of the 0νββ deay [6, 7℄. Further in-
entive to produe reliable nulear matrix elements omes
from the needs of the running NEMO 3 [8℄ and CUORI-
CINO [9℄ experiments, as well as the future large-sale
experiments under R&D planning and onstrution (see,
e.g., [10℄). For these experiments the nulear matrix el-
ements are an essential prerequisite in extration of re-
liable values for the absolute mass sale of the neutrino
[11℄ and possibly the CP phases of the neutrino-mixing
matrix [12℄.
The most popular nulear model to treat the stru-
ture of medium-heavy and heavy double-beta deaying
nulei is the proton-neutron quasipartile random-phase
approximation (pnQRPA) [13, 14, 15℄. Also some reent
shell-model results are available [16, 17℄. The pnQRPA
is a model tailored to desribe, in an eient way, the
energy levels of odd-odd nulei and their beta deays to
the neighboring even-even nulei [18℄. Also its deriva-
tive, renormalized pnQRPA [19℄, has been used [20, 21℄
to ompute double-beta matrix elements, although its use
has been heavily ritiized (see, e.g., [22℄ and referenes
therein). A problem with the use of the pnQRPA (and
the renormalized pnQRPA) is that it ontains a free pa-
rameter, the so-alled partile-partile strength param-
eter, gpp, that ontrols the magnitude of the proton-
neutron two-body interation matrix elements in the
T = 0 pairing hannel [23, 24℄. There are basially two
ways to x the value of this parameter, either by using
the data on two-neutrino double beta (2νββ) deay [21℄
or the data on single beta deay [25, 26℄. In the ase of
76
Ge and
82
Se there is no available data on single beta
deays so that in this work we have hosen to use the
2νββ data to x the possible values of gpp.
In this artile we address the mass mode of the 0νββ
deay where a light virtual Majorana neutrino is ex-
hanged by the two deaying neutrons of the initial nu-
leus. Typially the exhanged momentum is so large
as to fore the two neutrons to overlap unless steps are
taken to prevent the ourane of suh a spurious event.
The traditional way [27, 28℄ to remove this spuriosity
is to introdue an expliit Jastrow type of orrelation
funtion into the involved two-body transition matrix el-
ements in the parametrization of Miller and Spener [29℄.
This method, although mirosopially inspired, is just a
phenomenologial way to introdue short-range orrela-
tions into the two-nuleon relative wave funtion. A on-
spiuous aw of the Jastrow method is that the Jastrow
funtion eetively uts out the small r [30℄ part from
the relative wave funtion of the two nuleons. For this
reason, the traditionally adopted Jastrow proedure [13℄
does not onserve the norm of the relative wave funtion
[31℄.
In the present alulations we improve on the Jas-
trow method and adopt the more sophistiated miro-
sopi approah of unitary orrelation operator method
(UCOM) [32℄. In the UCOM one obtains the orrelated
many-partile state |Ψ˜〉 from the unorrelated one as
|Ψ˜〉 = C|Ψ〉 , (1)
where C is the unitary orrelation operator [32℄. Due
to the unitarity of the operator C, the norm of the or-
related state is onserved and no amplitude is lost in
the relative wave funtion. In the 0νββ alulations this
leads to a more omplete desription of the relative wave
funtion at small distanes r, as was demonstrated in
[33℄. It should be stressed that no extra free parame-
ters are introdued by the use of the UCOM at the level
of double-beta-deay alulations. All the needed pa-
rameters have been xed by minimization proedures for
ββ-independent observables [34℄. The UCOM method
has been demonstrated [35℄ to produe good results for
the binding energies of nulei over a wide mass range al-
ready at the Hartree-Fok level. It was also shown that
2the UCOM renders a good starting point for inlusion of
long-range orrelations by means of many-body pertur-
bation theory.
In [33℄ it was demonstrated for the
48
Ca and
76
Ge 0νββ
deays that the Jastrow proedure leads to the exessive
redution of 30%  40% in the magnitudes of the 0νββ
nulear matrix elements. At the same time the UCOM
redues the magnitudes of the matrix elements only by
7%  16%. This explains the large short-range orrelation
orretions to the matrix elements of [21℄.
The issue about the magnitude of the short-range or-
retions is an extremely important one sine it diretly
aets the magnitudes of the relevant nulear matrix el-
ements used to extrat the neutrino masses from poten-
tially suesful future double beta experiments. There
are large dierenes between the Jastrow and UCOM
orretions, the Jastrow orreted matrix elements be-
ing substantially smaller that the UCOM orreted ones.
This dierene would severely alter the predited sensi-
tivities of future neutrino experiments, the UCOM or-
reted matrix elements being more favourable for the de-
tetion of neutrinoless double beta deay.
The double beta deays of
76
Ge and
82
Se proeed
through the virtual states of the intermediate nulei
76
As
and
82
Br to the ground states of the nal nulei
76
Se and
82
Kr. By assuming the neutrino-mass mehanism to be
the dominant one, we an write the inverse of the half-life
as [14℄
[
t
(0ν)
1/2
]
−1
= G
(0ν)
1
(
〈mν〉
me
)2 (
M (0ν)
)2
, (2)
where me is the eletron mass and G
(0ν)
1 is the leptoni
phase-spae fator. The 0νββ nulear matrix element
M (0ν) onsists of the GamowTeller, Fermi and tensor
parts as
M (0ν) = M
(0ν)
GT −
(
gV
gA
)2
M
(0ν)
F +M
(0ν)
T . (3)
Numerial alulations show that the tensor part in
(3) is quite small and its ontribution an be safely ne-
gleted in what follows. The expressions for the phase-
spae fator, the eetive neutrino mass 〈mν〉 and the
matrix elements of (3) are given, e.g., in [11, 13, 14℄.
To the bare matrix elements we have applied the Jas-
trow short-range orrelation orretions, together with
the higher-order terms of nuleoni weak urrents and
the nuleon's nite-size orretions in the way desribed
in [21, 36℄. In addition, we have omputed the orreted
matrix elements by replaing the Jastrow orrelations by
the UCOM orrelations.
We alulated the wave funtions of all the nulear
states in the intermediate nulei by the use of the pn-
QRPA framework in the model spae of 1p-0f-2s-1d-0g-
0h11/2 single-partile orbitals, both for protons and neu-
trons. The single-partile energies were obtained from
a spherial Coulomb-orreted WoodsSaxon potential
with a standard parametrization, optimized for nulei
near the line of beta stability. Slight adjustments were
done for some of the energies at the viinity of the pro-
ton and neutron Fermi surfaes to reprodue better the
low-energy spetra of the neighboring odd-A nulei and
those of the intermediate nulei.
The Bonn-A G-matrix was used as a two-body inter-
ation and it was renormalized in the standard way, as
disussed e.g. in Refs. [37, 38℄. Due to this phenomeno-
logial renormalization we did not perform an additional
UCOM renormalization [34℄ of the two-body interation.
After xing all the Hamiltonian parameters the only free
parameter left was the gpp parameter mentioned earlier.
In Fig. 1 we have studied the gpp dependene of the ma-
trix element M (0ν) of Eq. (3) for both 76Ge and 82Se.
We have used R = 1.2A1/3 fm as the nulear radius, and
the nite-size, higher-order-term and UCOM orretions
were taken into aount. Here one an see the typial
break-down of the pnQRPA at large values of gpp. More-
over, the orresponding break-down points for the two
nulei are lose to eah other.
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FIG. 1: The 0νββ nulear matrix elements M (0ν) of Eq. (3)
for the deays of
76
Ge and
82
Se as funtions of the partile-
partile interation parameter gpp.
We obtained the physial values of gpp by using the
method of [21℄. Consequently, we used the reommended
data [39℄ on 2νββ-deay half-lives of 76Ge and 82Se by
inluding the experimental error limits and the uner-
tainty in the value of the axial-vetor oupling onstant
1.0 ≤ gA ≤ 1.254. The resulting intervals [40℄ of ex-
perimental matrix elements were then onverted to the
following intervals of gpp values
1.02 ≤ gpp ≤ 1.06 for
76
Ge ,
0.96 ≤ gpp ≤ 1.00 for
82
Se .
(4)
In Fig. 2 we show for the
82
Se deay the deomposition
of the total matrix element (3) into multipoles. The bare
matrix element ontains no short-range, nite-size or
higher-order-term orretions, whereas the UCOM and
30+ 1+ 2+ 3+ 4+ 5+ 6+ 7+ 8+ 9+10+11+0- 1- 2- 3- 4- 5- 6- 7- 8- 9-10-
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
-
M
(0
) (J
)
82Se bare
ucom
Jastrow
FIG. 2: Multipole deomposition of the matrix elementM (0ν)
of Eq. (3) for the deay of
82
Se. The spread in the multipole
ontributions orresponds to the gpp interval for
82
Se in (4).
TABLE I: Matrix element M (0ν) of Eq. (3) omputed by or-
reting suessively the bare matrix element (b.m.e.) by the
higher-order terms in the nuleoni urrent (A), by the nu-
leon nite-size eet (B), and by either the Jastrow (C) or
UCOM (D) orrelations. The values gpp = 1.0 and gA = 1.254
were used in the alulations.
Nuleus b.m.e. +A +A+B +A+B+C +A+B+D
76
Ge −8.529 −7.720 −6.356 −4.723 −6.080
82
Se −5.398 −4.862 −3.914 −2.771 −3.722
Jastrow matrix elements inlude all these orretions.
The spread in the multipole ontributions orresponds to
the gpp interval for
82
Se in (4). More speially, the up-
per end of the bar represents the ase gpp = 0.96) with
gA = 1.0 and the lower end the ase gpp = 1.00 with
gA = 1.254. In the gure we see that the orretions
substantially redue the magnitude of a given multipole
ontribution. The dierenes between the Jastrow and
UCOM orreted multipole ontributions inrease with
inreasing multipole. This pattern is reminisent of the
one shown in Fig. 3 of [33℄ where no nite-size or higher-
order-term orretions were taken into aount. All this
bears evidene of the fat that the rudimentary Jastrow
method overestimates the eet of nulear short-range
orrelations in 0νββ-deay alulations.
In Table I we display the eets of the various or-
retions to the matrix elements M (0ν) of 76Ge and 82Se.
There we show in the seond olumn the bare matrix
elements (b.m.e.), then in the third olumn we show
the b.m.e. orreted for the higher-order terms in the
nuleoni urrent (A). In the fourth olumn we have
added the nuleon nite-size eet (B) to the previous
matrix elements (b.m.e.+A), and nally, in the last two
olumns, we have added to the previous matrix elements
(b.m.e.+A+B) either the Jastrow (C) or UCOM (D)
short-range orretions.
TABLE II: Matrix element |M (0ν)| of Eq. (3) for 76Ge ob-
tained in the present alulation and by imkovi et al. [36℄.
Shown are the results without and with the short-range or-
relations (s.r..) for gA = 1.254.
without s.r.. with s.r..
Present [36℄ Jastrow UCOM [36℄
6.36 5.16 4.72 6.08 2.80
TABLE III: Beta deay log ft values for transitions from the
2−1 states of
76
As and
82
Br to one- and two-phonon states in
the indiated nal nulei.
76
Se
82
Kr
Jf exp. th. exp. th.
0+g.s. 9.7 9.0 8.9 9.3
2+1 8.1 7.7 7.9 7.7
0+2 10.3 9.2 ≥ 9.6 9.4
2+2 8.2 8.7 8.0 9.0
4+1 11.1 10.9 ? 11.1
Table I is very interesting in the sense that there we an
aess the magnitudes of the various orretions to the
bare matrix element. The magnitudes of the orretions
oming from the nite nuleon size and the higher-order
terms of the nuleoni urrent together amount to 25% 
30%. In fat, the magnitude of our bare matrix element
is rougly the one reported in [21, 36℄. Even after orret-
ing by the higher-order terms and the nuleon nite-size
eet the matrix elements agree roughly, as shown in Ta-
ble II. From the table we also see that our omputed
Jastrow orretions are muh less than the ones obtained
in [21, 36℄. The reason for this is not lear. The net
eet is that our Jastrow, and espeially the UCOM or-
reted matrix elements are muh larger than the ones of
[21, 36℄. On the other hand, our shell-model omputed
Jastrow orrelation orretions for
48
Ca [33℄ agree with
the ones of [41℄.
To hek the onsisteny of our alulations we also
omputed the single β− deay rates from the lowest 2−
states of the intermediate nulei
76
As and
82
Br to the
lowest 2+ olletive state, 2+1 , and its 0
+
2 , 2
+
2 and 4
+
1 two-
phonon exitations (see, e.g., [38℄) in
76
Se and
82
Kr. The
wave funtion of the 2+1 state was alulated by the use of
the quasipartile random-phase approximation (QRPA)
[18℄ and its energy was xed to the experimental one [38℄.
Beta deays to the mentioned nal states were omputed
by the method of the multiple ommutator model (MCM)
of [38℄.
The 2− wave funtion was alulated by using the en-
tral value of gpp in the intervals (4). In the ase of a
2− initial state this hoie works ne sine the alulated
beta-deay rates depend only weakly on gpp within the
range relevant for the 2νββ and 0νββ deays. We om-
pare the omputed log ft values with the available data
in Table III. From this table it is seen that the om-
puted numbers niely reprodue the trends of the mea-
4TABLE IV: Nulear 0νββ matrix elements of Eq. (3) for the
deays of
76
Ge and
82
Se. The UCOM and other orretions
are inluded. The used gpp values are also indiated.
76
Ge
82
Se
gpp 1.02 1.06 0.96 1.0
M
(0ν)
F 1.923 1.803 1.304 1.214
M
(0ν)
GT −4.632 −4.208 −3.293 −2.950
M (0ν) −6.555 −5.355 −4.597 −3.722
sured ones, although the assumpion that the states 0+2 ,
2+2 and 4
+
1 are pure two-phonon exitations is an idealized
one. It has to be noted that there is no experimental data
on beta deay of the lowest 1+ state in 76As and 82Br.
For some double-beta-deaying systems the 1+ data ex-
ists and mathing of beta and double beta deay ould
be more problemati due to the stronger gpp dependene
of the beta-deay rates from a 1+ intermediate state [25℄.
Our nal results for the 0νββ nulear matrix elements
have been olleted in Table IV. These matrix elements
were alulated with the UCOM short-range orretions
by taking into aount also the nite-size of the nuleons
and the higher-order terms in the nuleoni weak ur-
rent. The two dierent values of the matrix elements
orrespond to the gpp and gA parameter ombinations
indiated earlier in the text. As an be seen, the values
of the nal matrix elements vary between
5.355 ≤ |M (0ν)| ≤ 6.555 for 76Ge ,
3.722 ≤ |M (0ν)| ≤ 4.597 for 82Se .
(5)
We ompare these matrix elements with other reent
alulations in Table V. There the values 1.0 ≤ gA ≤
1.254 are used for the axial-vetor oupling onstant, ex-
ept that imkovi et al. [36℄ use gA = 1.254. The results
of Civitarese et al. [26℄ are based on the formalism in-
trodued in [42℄ where the nite-size of the nuleon and
the nuleoni weak urrent were obtained from a rela-
tivisti quark-onnement model. In [42℄ the generated
nuleoni weak urrent is inomplete as ompared to the
present formalism, adopted from [36℄. Also the short-
range orrelations were not taken into aount. In this
sense the last olumn of Table V should be ompared to
the fourth olumn +A+B of Table I. As already said,
the dierenes between the two results an be explained
by the dierent treatment of the weak-interation urrent
and the nuleon form fator. The above stated, we on-
lude that our present results are more omplete that the
ones of [26℄ and thus should be more reliable. It is worth
mentioning that in [33℄ the quoted matrix elements were
alulated for the default value gpp = 1.00 without tak-
ing into aount the higher-order terms in the nuleoni
urrent and the nuleon nite-size eet.
In the matrix element alulations there may be other
unertainties than the ones indued by the unertainty
in the value of gpp. Suh unertainties ould arise
from soures suh as deformation, the mean-eld single-
TABLE V: Values of the matrix element |M (0ν)| of Eq. (3)
obtained in several reent alulations.
Nuleus Present [21℄ [36℄ [26℄
76
Ge 5.36 − 6.56 2.26− 2.74 2.80 4.03− 5.92
82
Se 3.72 − 4.60 1.86− 2.45 2.64 2.82− 4.14
partile energies, and the adopted two-body interation.
In [21℄ it was shown that the eet of the adopted two-
body interation is very small as long as the interation
is mirosopi. Our adopted Bonn-A interation is of
this type and inluded in the survey of [21℄. In [21℄ it
was furthermore demonstrated that the size of the single-
partile spae does not produe sizable eets as long
as the value of gpp is determined from the 2νββ data,
as is done in the present alulations. By the same ar-
gument, only small eets are expeted from dierent
parametrizations of the Woods-Saxon mean-eld poten-
tial and the resulting slightly dierent single-partile en-
ergies. These two soures of unertainty produe eets
that an be expeted to be smaller than the one oming
from the short-range orrelations.
The role of deformation is the most unertain one. The
presently disussed nulei of the two double-beta-deay
hains are pf-shell nulei and most likely they have no
or very small stati deformation. Instead, they are most
likely soft anharmoni vibrators. The deformation allows
of a new suppression mehanism of 2νββ deay, namely
through the overlap fator used to take into aount the
non-orthogonality of the intermediate states generated by
using the initial and nal ground states as starting points
in two separate pnQRPA alulations. This suppression
mehanism is enhaned when the deformations of the ini-
tial and nal nulei of double beta deay are dierent
[43℄. However, in [44℄ it was dedued experimentally that
76
Ge and
76
Se exhibit quantitatively very similar neutron
pair orrelations. This would indiate similarity of their
ground states and no suppression would arise through dif-
ferent ground-state deformations. For
82
Se and
82
Kr this
question is still open. In any ase, the role of deformation
in 0νββ deay is still largely unexplored and no denitive
onlusion about the importane of deformation an be
drawn for the present.
Our nal matrix elements an be onverted to 0νββ
half-lives by hoosing a value for the eetive neutrino
mass in (2). Expressing the eetive mass in units of eV
and using the phase-spae integrals tabulated in [14℄ we
obtain for the predited half-lives
t
(0ν)
1/2 = (0.96− 1.44)× 10
24
yr/(〈mν〉[eV])
2
for
76
Ge ,
t
(0ν)
1/2 = (4.53− 6.90)× 10
23
yr/(〈mν〉[eV])
2
for
82
Se .
(6)
In summary, we have alulated the nulear matrix ele-
ments for the 0νββ deays of 76Ge and 82Se by using the
proton-neutron quasipartile random-phase approxima-
tion with a realisti two-body interation and a realisti
5single-partile spae. The numerial alulations were
done by inluding the higher-order terms of the nule-
oni weak urrents, the nuleon's nite-size orretions
and the nuleon-nuleon short-range orrelation eets.
The short-range orrelations have been alulated by us-
ing the unitary orrelation operator formalism that is
superior to the traditionally adopted rudimentary Jas-
trow proedure. The UCOM redues the bare values
of the omputed matrix elements less than the Jastrow
proedure, leading to larger matrix elements than the
ones quoted in the reent literature. This redues the
predited theoretial 0νββ half-lives of 76Ge and 82Se
by a signiant amount and thus diretly inuenes the
neutrino-mass sensitivities of the running and future dou-
ble beta experiments.
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